







































BLACK HOLE ENTROPY AND ENTROPY OF ENTANGLEMENT
Daniel Kabat





We compute the one-loop correction to the entropy of a very massive black hole, by eval-
uating the partition function in the presence of a conical singularity for quantum elds
of spin zero, one-half, and one. We compare the results to the entropy of entanglement,
dened by the density matrix which describes the ground state of the eld as seen from
one side of a boundary in Minkowski space. Fields of spin zero and one-half contribute
an entropy to the black hole which is identical to their entropy of entanglement. For spin
one a contact interaction with the horizon appears in the black hole entropy but is absent
from the entropy of entanglement. Expressed as a particle path integral the contact term
is an integral over paths which begin and end on the horizon; it is the eld theory limit of
the interaction proposed by Susskind and Uglum which couples a closed string to an open
string stranded on the horizon.
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1. Introduction and Overview
Black holes have thermal properties. This remarkable fact can be established by anal-
ogy with an ordinary thermodynamic system, where temperature is the inverse periodicity
in Euclidean time, and entropy is the variation of free energy with respect to temper-
ature at xed volume. The temperature of a black hole is xed by requiring that the
Schwarzschild metric yields a smooth solution of the Einstein equations when continued
to imaginary time. This forces the periodicity of the Euclidean time coordinate to be the
inverse Hawking temperature. The entropy of a black hole is then found by varying the
periodicity in Euclidean time while holding the geometry on a spatial slice xed, a proce-
dure which introduces a conical singularity at the horizon. The classical action for gravity
evaluated on such a space leads to the usual expression for the black hole entropy [1,2],
while quantum corrections to the classical entropy result from uctuations of the metric or
matter elds in the background with the conical singularity. We will work in the limit of
very massive black holes, so that curvature vanishes except on the horizon, and the inverse
Hawking temperature becomes the 2 periodicity of the plane in polar coordinates.
Quantum corrections to the entropy from matter elds have been extensively studied
[3{12]. In particular Susskind and Uglum have shown that a quantum correction to the
black hole entropy, from the response of a eld to a conical singularity, is equivalent to a
quantum correction to the gravitational coupling. It has also been realized that one source
for these corrections can be understood as entropy of entanglement, or equivalently, as
Rindler thermal entropy. A quantum eld in its Minkowski vacuum state has correlations
between degrees of freedom located on opposite sides of an imaginary boundary, so mea-
surements made only on one side of the boundary see a mixed state, with a corresponding
entropy of entanglement. The density matrix which describes the mixed state is a ther-
mal density matrix in Rindler space, and entropy of entanglement may be equivalently
understood as the thermal entropy which the eld carries in Rindler space.
Quantum corrections to the classical entropy also play an important role in the black
hole information paradox. They are ultraviolet divergent, at least in quantum eld theory,
where an innite number of degrees of freedom are present at short distances. Close to a
non-extremal horizon these states are red shifted down to low energies (equivalently the
proper temperature diverges), making the entropy innite. This same innity has a key
role in the black hole information paradox: the innite number of states available near
the horizon in quantum eld theory allows a black hole to store an indenite amount of
information, up until the very end point of its evaporation.
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In this paper we explore the relationship between black hole entropy and entropy of
entanglement. We study the one loop quantum corrections to the entropy for matter elds
of spins zero, one-half, and one. We need to distinguish between the contribution to the
black hole entropy, dened by the response of the eld to a curvature singularity, and the
entropy of entanglement in quantum eld theory, dened by the density matrix describing
the vacuum state of the eld as observed from one side of a boundary in Minkowski space.
For spins zero and one-half, there is no need for the distinction: the one loop correction
to the black hole entropy is the entropy of entanglement of the eld. At spin one, the
one loop correction is equal to the entropy of entanglement of the eld plus a contact
interaction with the horizon. The contact interaction cannot be interpreted as entropy of
entanglement in at space quantum eld theory; we will see that it is negative.
The rst hint that something non-trivial happens for spin one comes from its one-loop
renormalization of Newton's constant. The eective action from integrating out a matter
































To get the contribution of this eld to the entropy of a black hole we must evaluate the




, a cone of decit angle 2  times a transverse at (d 2)
dimensional space with area A
?
. Susskind and Uglum [8] have argued that for innitesimal
decit angles only the Einstein-Hilbert term contributes, so that at the on-shell black hole























  1 abelian gauge eld including ghosts








































Note that the corrections are proportional to the horizon area (set A
?
= 1 in d = 2).
They are ultraviolet divergent;  is an ultraviolet cuto put in by hand. In d = 2 they also
diverge in the infrared and the mass m must be kept non-zero to provide a cuto.
For d < 8 a spin one eld contributes negatively to the coecient of the Einstein-
Hilbert term and also, therefore, to the black hole entropy. This is responsible for the non-
renormalization of Newton's constant in certain supersymmetric theories which Susskind
and Uglum noted, but means that the contribution to the black hole entropy cannot be
identied solely with the entropy of entanglement or thermal Rindler entropy, both of
which are intrinsically positive.
To understand this better we again turn to the work of Susskind and Uglum [8],
who have advocated the idea that black hole entropy can be understood within string
theory. The string diagrams they claim are responsible for the black hole entropy are
shown in Fig. 1. The genus zero diagram if time sliced with respect to the angle around
the horizon describes the propagation of an open string with its ends stuck on the horizon.
There are two classes of diagrams at one loop. The rst class describes the propagation
of a closed string around the horizon, and has a thermal interpretation as a string at a
position-dependent proper temperature. The second class describes an interaction between
a closed string and an open string stranded on the horizon. It does not have a thermal
interpretation, and can only be viewed as an interaction correction to the entropy which
is present at genus zero. Unfortunately it is dicult to give a precise meaning to these
string diagrams, since they involve dening string theory in an o-shell background [14].
The eld theory limit of the string diagrams leads to the particle diagrams of Fig. 2.
The physical interpretation of the classical entropy as counting congurations of stranded
strings is lost. At one loop we have the thermal interpretation of a particle encircling the
horizon, but also expect to nd a contact interaction at the horizon. Motivated by these
particle diagrams we will compute the partition functions on a cone for elds of spin zero,
one-half, and one. This will also check whether the argument relating the on-shell entropy
to the renormalization of Newton's constant is valid.
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horizon
Fig. 1. String diagrams responsible for the black hole entropy up to one loop.
horizon
Fig. 2. Field theory limit of the string diagrams.



































































In the nal line we drop a divergent cosmological constant, which does not aect the
entropy. In two dimensions A
?
= 1, and the mass must be kept non-zero as an infrared
regulator. The entropy calculated on-shell agrees with the result obtained above based
on the renormalization of Newton's constant. We will show that it also agrees with the
entropy of entanglement, as well as the Rindler thermal entropy.
At spin one a contact interaction on the horizon arises in the response to curvature.
This contact term is absent from the entropy of entanglement and Rindler thermal entropy.
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Besides the same bulk free energy as d   2 scalar elds, there is an integral over paths
which start and end on the horizon, just the interaction suggested by Susskind and Uglum.
Note that this free energy gives the same entropy at  = 2 as was obtained above from
the renormalization of Newton's constant. The infrared regulating mass may be set to zero
in greater than two dimensions.
So we nd that the contribution to the black hole entropy for spin one consists of two
pieces. One bulk contribution is the thermal entropy in Rindler space, which is identical
to the entropy of entanglement. A second piece does not have a thermal or state counting
interpretation and represents a non-trivial interaction with the horizon. It can only be
understood as an interaction correction to an entropy which is present at tree level.





in d = 2 (modulo the cosmological constant). This free
energy gives an entropy that agrees on shell with what was obtained above from the
renormalization of Newton's constant, and likewise matches the entropy of entanglement
and Rindler thermal entropy.
5
The remainder of this paper develops these claims in detail. In the next section we
consider scalar elds; many of the results exist in the literature but we will need them for
reference. The following sections treat Abelian gauge elds, then Dirac fermions. In the
nal section we summarize our results and speculate about their implications.
2. Scalar Fields
We wish to show that the entropy of entanglement of a scalar eld is identical to the
entropy which it contributes to a black hole. We'll begin from the denition of entropy of
entanglement, and show that it can be calculated from the partition function on a cone.
For simplicity we work in two dimensions.
To begin, we need to nd the Minkowski vacuum state of the eld. The vacuum


































A classical eld 
cl
obeying the equations of motion and the relevant boundary conditions,

cl




! 0 as  ! 1, may be given in terms of the Dirichlet





















































































Next we express the vacuum wavefunctional in a more convenient basis. In polar


































































The Green's function on the plane takes on a canonical thermal form when expressed in











































Entropy of entanglement, relative to a division of space at x = 0, is dened as the
entropy of the density matrix obtained by tracing out the degrees of freedom located at











in terms of the Rindler eigenfunctions one nds that the vacuum
















































is the quantum mechanical Hamiltonian for a harmonic oscillator of frequency E. The





(E). The product over E requires renormalization; a precise denition
could be given by putting the system in a box to make the spectrum discrete.
This shows that the entanglement density matrix is a thermal ensemble with respect
to the Rindler Hamiltonian at an inverse temperature  = 2. This is of course the Unruh
eect [16], that the Minkowski vacuum state of a quantum eld is a thermal state in Rindler
space. It means that the entropy of entanglement may be calculated as thermal entropy in
Rindler space. Although the explicit calculation we have performed is specic to a scalar
eld, the formal proof that entropy of entanglement and Rindler thermal entropy are the
same is quite general [3,4,10].
To calculate the entropy of entanglement we are lead to construct thermal ensembles
with respect to the Rindler Hamiltonian at an arbitrary temperature ( 6= 2). The
next step in making contact with the black hole entropy is to write the thermal partition
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function as a determinant, which in turn becomes a functional integral on `optical space'
[17,18,19,20].








































The eigenfunctions entering in the determinant are to be periodic in  with period . The
action in the path integral is exactly the action for a scalar eld on a cone of decit angle
































0     :
This optical measure is what one would obtain by writing the action for a scalar eld on a
cone in rst order formalism, with coordinates (x) and momenta (x), and adopting the








. Integrating out the momenta leaves the measure
D
optical
for the integration over coordinates [20].
Rather than use these optical/canonical measures, we would like to do our calculations


























0    
Evidently there is a conict between manifest covariance and the canonical measure. As the









with a conformal factor that is independent of , the corresponding integration measures
dier by the exponential of a term of O(). (It is a Liouville action in the case of a massless
scalar eld [20]). This dierence does not aect the thermodynamics, which establishes
that the entropy of entanglement of a scalar eld may be computed from its covariant
partition function on a cone.
We conclude this section with a calculation of the scalar partition function. We work




. The free energy can be written with an integral
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K(s; x; x) ;
(2:2)





































































































We have chosen eigenfunctions which are regular at the origin, corresponding to the
Friedrichs extension of the Laplacian on a cone [21]. The heat kernel is given in terms



































The sum and integral may be performed [22,23], with the result that at coincident points
































The rst term 1=(4s)
d=2
in the heat kernel gives rise to a divergence in the free energy,
which can be absorbed in a renormalization of the cosmological constant, and which does




























This is the result given in the Introduction.
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3. Vector Fields
We now show that the entropy of entanglement and Rindler thermal entropy of an
Abelian gauge eld in two dimensions are identically zero, while the partition function on
a two dimensional cone receives a singular contribution from the tip of the cone.
It is easiest to see that the entropy of entanglement vanishes if one works in Coulomb
gauge. In Cartesian coordinates, we set A





= 0; since there are no dynamical
degrees of freedom left in this gauge, there can be no correlations present across a boundary,
and the entropy of entanglement unambiguously vanishes.
1
Dening the Rindler thermal entropy of a gauge eld is more subtle. In polar coordi-
nates one xes Coulomb gauge by setting A





= 0; again it seems that there
are no degrees of freedom, and the thermal entropy must vanish. While this argument is
valid in the bulk, the choice of Coulomb gauge breaks down at the origin, where A

is
ill-dened. Since singular eects are present at the origin, as we show below, one has to
decide what one means by the Rindler thermal entropy. It seems best to dene it to in-
clude only the bulk contribution; with this denition the Rindler thermal entropy vanishes
identically in two dimensions, just as the entropy of entanglement does.
A possible alternative is to state that Rindler thermal entropy is not a well dened
quantity, because the Rindler Hamiltonian does not have normalizeable eigenstates. To see
this we must use a covariant gauge. The Rindler Hamiltonian can be implicitly diagonalized































where  is a solution to the scalar equations of motion,  = 0. We seek solutions of the
form A
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we can construct a zero mode of the Laplacian, 
E































A possible constant background electric eld does not change this conclusion [24].
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These vector eigenfunctions are not acceptable, however, because they are not -function

























There is no way to cure the singular behavior of the vector eigenfunctions. The thermal
partition function for the Rindler Hamiltonian is ill-dened in covariant gauge.
One can nevertheless dene the free energy for a gauge eld using a path integral [25].
In the absence of a Hamiltonian description of this path integral, the entropy obtained by
varying with respect to the decit angle of the cone can and does come out negative, as
we now show. We begin in two dimensions and work in covariant gauge. The free energy
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To calculate the determinant we diagonalize the vector wave operator. The explicit cur-
vature term R

in the wave operator is a delta function at the tip of the cone; to treat
this in a well dened way we delete the point at the tip, and work on the space R
2
  f0g.
Eigenfunctions of the vector wave operator may then be generated from eigenfunctions of














































































The vector determinant can be expressed in terms of these eigenfunctions via a heat kernel.



































































































We x the remaining ambiguity in these expressions by imposing some physical re-
quirements. First, the vector wave operator must be self-adjoint. When a vector eld is
expressed in terms of a scalar eld using the ansatz in (3.1), self-adjointness turns into the
condition that the scalar eld be non-singular at the tip of the cone. So in constructing
the vector determinant, we must use the non-singular scalar eigenfunctions (2.3).





























are the real scalar ghosts and  is a Grassmann parameter. This requires
that the ghost determinant be taken over the same scalar eigenfunctions that enter in
the vector determinant. Note that BRST invariance plus self-adjointness implies that the





Finally, we'd like the partition function to be independent of the gauge xing param-
eter . As the entropy is gauge invariant, it will be independent of  provided we use a
gauge invariant cuto. Suppose we regulate the ghost determinant as in (2.2), with an























then  will drop out of the free energy, upon rescaling the proper time s! s. No matter
what choice of covariant gauge one makes initially, with this choice of cutos one ends up
in Feynman gauge, with  = 1.
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In fact this choice of cutos is not entirely arbitrary. We have constructed regulated
determinants, dened by













A BRST transformation relates a ghost mode with eigenvalue k
2
to a longitudinal mode
with a dierent eigenvalue k
2
=. To respect BRST invariance the regulator must modify
these two eigenvalues in the same way, which xes the above relationship between the
ghost and longitudinal cutos.
We continue with the calculation of the partition function, by expressing the spin-












































(s; x; x) = 2K
scalar





















































The last equality may be checked from the explicit expression for K
scalar
given previously
(2.4). It is a consequence of dimensional analysis; on dimensional grounds the scalar heat















, making the s
0
integral






































The term 1=4s is a surface term from r = 1, which will cancel the surface term from
r = 0 if  = 2. The bulk contribution from the vector cancels against the ghosts in d = 2.
The scalar heat kernel was explicitly evaluated in (2.4); representing it as a single particle
path integral leads to the result given in the Introduction, that the free energy for a gauge
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eld in two dimensions is given solely by a surface term, which is an integral over particle



















































It is straightforward to extend this result to higher dimensions. We will only discuss
Feynman gauge  = 1, since the gauge xing parameter drops out of the free energy
with a suitable choice of cutos, just as it did in two dimensions. It is convenient to
introduce indices in the r{ plane, ;  = r; , and indices in the transverse at directions,
i; j = 1; : : : ; d  2. In this reduction a vector eld A

decomposes into a two dimensional
vector A

, and a collection of d   2 scalar elds A
i
. The vector wave operator is block

























Note the distinction: in the rst line, the covariant derivative acts on a vector, while in the
second it acts on a scalar. The eigenfunctions of the vector wave operator can be expressed























































(i) = 1; : : : ; d  2
This leads to an expression for the spin-traced vector heat kernel in terms of the scalar












































































































































































A few remarks on this result:
(i) The surface term vanishes at  = 2, which is fortunate, because there clearly can be
no surface term from the horizon when the curvature there vanishes.
(ii) There are dierent measures for the integral over proper time in the surface free energy
compared to the bulk. The additional 1=s is present in the bulk because the group of
global isometries of a circle,  !  + const:, must be gauge xed when performing a
path integral over closed particle paths [26].
As we shall see in the next section, no surface term arises for spinor elds. Note
that the vector surface term arises from the behavior of the elds in the two dimensions
containing the conical singularity. The reason gauge elds dier from spinors and scalars
is that they are not conformally invariant in d = 2. All elds become eectively massless
close to the tip of the cone, where the proper temperature goes to innity. Scalar and
spinor elds are conformally invariant in this limit, and one may use techniques from
conformal eld theory to obtain their entropy [27]. A conformal mapping from the cone to
a cylinder shows that, for any conformal eld theory, the leading divergence of the entropy
is insensitive to the boundary conditions imposed at the tip of the cone. This argument
does not apply to gauge elds, where a singular boundary term arises. For example, cutting
out a small disc around the tip of the cone and imposing boundary conditions on the edge
would dramatically change the vector partition function by eliminating the surface term.
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4. Spinor Fields
Having treated spins zero and one, it is natural to inquire as to what happens for spin
one-half. We now show that no surface term arises, and that the contribution of a fermion
to the entropy of a black hole is equal to its entropy of entanglement as well as its thermal
Rindler entropy. We work in two dimensions.
We rst ask whether there is a well dened Rindler Hamiltonian for fermions. Intro-
















































The spin connection has been chosen so that parallel transport around the tip of the cone
generates a rotation through the decit angle 2   . At  = 2 this zweibein reduces to
the usual Cartesian basis of at space, and the spin connection vanishes. An inequivalent





= rd; ! = d : (4:2)
The two spin structures dier by a topologically non-trivial Lorentz rotation, which winds
once around the Lorentz group as the origin is encircled. This will be important below.




































are present because the zweibein (4.1) depends on .

























































where the rotational invariance of the cone is manifest, and rotations are generated by
a Rindler Hamiltonian that is independent of . H
R

















































We see that there is no diculty in constructing a Rindler Hamiltonian for fermions. The
formal argument showing that entropy of entanglement is identical to Rindler thermal
entropy applies to fermions [3,4,10]. To construct the entropy of entanglement for fermions
directly from its denition one must introduce a function space for fermion states [28]. The
entropy of entanglement has been calculated from its denition by Larsen and Wilczek [29].













where the determinant is over functions which are anti-periodic in . This determinant
may be represented as a functional integral over anti-periodic Grassmann elds.
F
Dirac





























































One gets the classical action for a fermion on a cone, but with the other choice of spin
structure. That is, in the last line r= is constructed from (4.2), which diers from the
standard spin connection (4.1) by a Lorentz rotation which varies from zero to 2 as the
origin is encircled. One may revert to the standard spin connection on a cone, at the price
of changing the fermion boundary conditions from anti-periodic to periodic. So in the end
we have an expression for the entropy of entanglement in terms of a functional integral
over fermions which are periodic on a cone.
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There is also the question of the appropriate measure in the functional integral. As in
the scalar case, the measure that reproduces the Rindler thermal partition function is the
canonical measure on a cone, which diers from the covariant measure by a term of O()
in the free energy. This dierence does not aect the thermodynamics, so we will neglect
it, and proceed to calculate the fermion free energy using the covariant measure.
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For  > 2 these eigenfunctions develop a singularity at the origin. In fact there are no
non-singular eigenfunctions of the Dirac operator when  > 2, as using the other set of
Bessel functions Y

(z) also leads to singular eigenfunctions. This necessitates a non-trivial
self-adjoint extension of the Dirac operator [30]. The self-adjoint extension parameter
must be chosen so as to make the free energy analytic across  = 2. A simpler procedure,
which we will adopt, is to calculate for  < 2 and dene the free energy for  > 2 by
analytic continuation.
The free energy can be expressed in terms of a heat kernel.

































































The sums may be evaluated using the same techniques as the scalar case [22,23]. At
coincident points the spin traced heat kernel turns out to be
TrK
Dirac




























Substituting this into the expression for the free energy, we nd the same free energy as a

























This result was given in the Introduction; it leads to the same entropy at  = 2 as was
calculated from the renormalization of Newton's constant in d = 2.
5. Conclusions
In exploring the relationship between black hole entropy and entropy of entanglement,
we have seen that, for scalar and spinor elds, the two are identical, while for gauge elds,
they dier by a contact term on the horizon which is present in the response to curvature
but absent from the entropy of entanglement. The contact term is the origin of the negative
response of a gauge eld to curvature, and is responsible for the non-renormalization of
Newton's constant in certain supersymmetric theories. It is the eld theoretic residue of
the coupling of an open string stranded on the horizon to a closed string proposed by
Susskind and Uglum. It cannot be interpreted as an entropy of entanglement within at
space quantum eld theory, but only as an interaction correction to the classical entropy
of a black hole, an entropy which similarly arises from a singular contact contribution
localized on the horizon [1,2].
A state counting interpretation of these contact terms is only possible if quantum
gravity introduces a degree of non-locality, which smears out the point-like contact terms
into extended interactions for which a notion of state counting can exist. This seems
plausible, as one would certainly expect quantum gravity to de-localize the horizon by at
least a Planck length. A concrete proposal has been put forth by Susskind and Uglum,
in which the extended nature of fundamental strings provides a resolution of the contact
interactions and a state counting interpretation of the black hole entropy [8].
One is therefore led to study these issues in theories which are non-local at short
distances. One way to obtain such behavior within ordinary quantum eld theory is to
study the behavior of a composite eld, constructed in a non-local way from elementary
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